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Abstract 

In this paper we prove a sufficient condition, in terms of the be¬ 
havior of a ground state of a symmetric critical operator Pi, such that 
a nonzero subsolution of a symmetric nonnegative operator Pq is a 
ground state. Particularly, if Pj := —A + Vj, for j =0,1, are two 
nonnegative Schrodinger operators defined on D C such that Pi is 
critical in D with a ground state (p, the function ^ ^ 0 is a subsolu¬ 
tion of the equation Pqu = 0 in H and satisfies |V’| < C(p in H, then 
Pq is critical in H and V' is its ground state. In particular, ^|J is (up 
to a multiplicative constant) the unique positive supersolution of the 
equation Pqu = 0 in D. Similar results hold for general symmetric 
operators, and also on Riemannian manifolds. 
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1 Introduction 

Let G C be a domain. We assume that A : G —>■ is a measurable 

matrix valued function such that for every compact set K G Cl there exists 
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> 1 such that 


^-ilh < A{x) < fixld Vx e K, (1.1) 

where Id is the (i-dimensional identity matrix, and the matrix inequality 
A < B means that B — Ais a. nonnegative matrix on Let V G M), 

where p > d/2. We consider the quadratic form 

^A,v[u] := / {AVu ■ Vm + dx (1.2) 

Jn 

on C^{Q) associated with the Schrodinger equation 

Pu:= {-V ■ (AV)+ V)u = 0 infi. (1.3) 

We say that is nonnegative on C'^(fl), if [u] > 0 for all u G C'^(fl). 

Definition 1.1. We say that v G is a (weak) solution of (II. 3j) if for 

every p G C'“(fl) 

/ (AVn ■ V 93 + Vvcp) dx = 0. (1.4) 

Jn 

We say that v G is a subsolution of ()1.3|1 if for every nonnegative 

V9 G Co-(11) 

/ [AWv ■'Vp + Vvp)(lx <t). (1.5) 

Jn 

V G iL[),^(H) is a supersolution of (II. 3|) if —v is a subsolution of (USD. 

Let Cp{Q) be the cone of all positive solutions of the equation Pu = 0 in 
n, and let 

Ao(P, n) := sup{A G M I Cp_a(11) ^ 0} (1.6) 

be the generalized principal eigenvalue of the operator P in fl. By the 
Allegretto-Piepenbrink theory (see for example, fflini), the form a^y is 
nonnegative on C*—(H) if and only if Xo{P, H) > 0. 

Let K fl (i.e. K is relatively compact in 12). Recall that 

u G Cp{fl \ K) is said to be a positive solution of the operator P of minimal 
growth in a neighborhood of infinity in 11, if for any iL d iLi (s H, with a 
smooth boundary, and any v G Cp(ll\iLi) nC'((ll\iLi) UcliLi), the inequality 
M < u on dKi implies that u < u in H \ iLi. A positive solution u G Cp(ll) 
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which has minimal growth in a neighborhood of inhnity in is called a 
ground state of P in fl. 

The operator P is said to be critical in fl, if P admits a ground state 
in fl. The operator P is called subcritical in if Cp(ff) 7 ^ 0, but P is not 
critical in fl. If Cp{fl) = 0, then P is supercritical in ff. 

It is known that the operator P is critical in if and only if the equation 
Pu = 0 in admits (up to a multiplicative constant) a unique positive 
supersolution. In particular, in the critical case we have dimCp(fl) = 1 (see 
for example nain] and the references therein). 

On the other hand, P is subcritical in O, if and only if P admits a positive 
minimal Green function G^{x, y) in O. For each y G O, the function Gp(-, y) 
is a positive solution of the equation Pu = 0 in O \ {?/} that has minimal 
growth in a neighborhood of inhnity in O and has a (suitably normalized) 
nonremovable singularity at y (see for example [13 ED and the references 
therein). 

The following basic example will be used few times along the paper. 

Example 1.2. Let P = —A and 0 = M'^. It is well known that Ao(—A, M'^) = 0. 
In addition, the positive Liouville theorem asserts that 

C_a(M'^) = {cl I c> 0}, 

where 1 is the constant function taking at any point the value 1. Moreover, 
— A is critical in if and only if d < 2. 

Recently, Berestycki, Hamel, and Roques jO] has introduced the following 
dehnition which arises naturally in the study of some semilinear equations. 

Definition 1.3. 

X'q{P, Q) := inf{A G M I 30 e C\Q) n 0 > 0, (P - A)0 < 0 in H, 

0 = 0 on dVt, if dVt 7 ^ 0}. 

Before formulating our results, we present four basic problems (Prob¬ 
lems CHll) concerning the particular case 12 = M'^, which have been solved in 
the past few years. It turns out that (almost) all these results follow directly 
from our main result fTheorem II.7|1 . 
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Problem 1 ([231 [21]). Letv e Does the existence of a positive 

bounded solution to the equation 

Hyu := (—A + V)u = 0 onMf' (1.7) 

imply that Hy is critical in ? 

Problem 2 ([SJ). Suppose that V is smooth and bounded. Does the ex¬ 
istence of a sign-changing bounded solution to equation dni imply that 
\o{Hy,W^) < 0 ? 

Problem 3 mm)- Let a be a strictly positive -function on and 
consider the divergence form operator L = V ■ (cr^ V) on Suppose that the 
equation Lip = 0 m admits a nonzero solution such that 'ipa is bounded. 
Is necessarily the constant function? 

Problem 4 ([ 7 ] Conjecture 4.6]). Suppose that P = —V ■ (AV) + V is 
uniformly elliptic operator with smooth bounded coefficients on Does the 
inequality 

Ao(P,M‘')<A'(P,M'') 
holds true in any dimension d. 

The answers to the above four problems for the free Laplacian in 
are well known. Nevertheless, the above problems are not of perturbational 
nature since there is no assumption on the asymptotic behavior of the coef¬ 
ficients of the given operator near infinity. 

Problem ^ was posed by B. Simon in 12311231. Clearly, the answer to 
Problem ^ is ‘no’ for d > 3. Partial results concerning Problem^ for d < 
2 were obtained under the assumption that P is a short-range potential 
(see for example, ini 1131 ca mi)- On the other hand, Gesztesy, and Zhao 
showed in m Example 4.6] that there is a critical Schrodinger operator 
on M with ‘almost’ short-range potential such that its ground state behaves 
logarithmically. 

In a recent article Damanik, Killip, and Simon proved a result which 
reveals a complete answer to Problem ^ 

Theorem 1.4 (cf. |10L Theorem 5]). The answer to Problem^ is “yes” 
if and only if d = 1, 2. 
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Indeed, for d = 1,2, it is shown in QDI that if the eqnation Hyu = 
0 admits a positive bonnded solntion, then any W G satisfying 

Hv±w > 0 is necessarily the zero potential. Bnt this property holds if and 
only if Hy is critical (see [TH]i. 

Let us turn to Problem |21 which was raised by Berestycki, Caffarelli, and 
Nirenberg [H]. This problem is closely related to De Giorgi’s conjecture CH 
(see ismiEiiiij). In Ghoussoub and Gui showed a connection between 
ProbIem|21and Problem El which concerns the Liouville property for operators 
in divergence form (see also the proof of Theorem 1.7 in [S]). In fact, the 
following result is proved in umm- 

Theorem 1.5. The answers to problems\^ and\^ are “yes” if and only if 
d= 1,2. 

Note that Ghoussoub and Gui [Hj used this Liouville-type theorem for 
d = 2 |3], to prove De Giorgi’s Gonjecture in 

Problem El was posed by Berestycki and Rossi IZj who also solved it for 
d<3: 

Theorem 1.6 m Theorem 4.1]). Suppose that P = —V ■ (^V) + V is 
uniformly elliptic operator with smooth bounded coefficients on M'’*. If d < 3, 
then 

Ao(P,M'')<A'(P,M"). 

The purpose of the present article is to (partially) generalize theorems ll.41 
Ea and ll.bi to general symmetric operators which are dehned on an arbitrary 
domain G C or on a noncompact Riemannian manifold. Our main result 
is as follows. 

Theorem 1.7. Let Q be a domain in d>l. Consider two Schrodinger 
operators defined on G of the form 

Pj:=-V-{AjV} + V, j=0,l, ( 1 . 8 ) 

such that Vj G L](,^(D;M) for some p > d/2, and Aj satisfy fll.lj) . 

Assume that the following assumptions hold true. 

(i) The operator Pi is critical in G. Denote by cp & Cp^(G) its ground state. 
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(ii) Ao(-Po)^) ^ 0 , and there exists a real function G such that 

" 0 + 7 ^ 0 , and Po'ip <0 inQ, where u^{x) := max{ 0 ,m(x)}. 

(Hi) The following matrix inequality holds 

{^jJ+Y{x)Ao{x) < Cip‘^{x)Ai{x) a. e. in (1.9) 

where C > t) is a positive constant. 

Then the operator Pq is critical in and t) is its ground state. In particular, 
dimCpg( 11 ) = 1 and Xo{Po,Il) = 0 . 

Corollary 1.8. Suppose that all the assumptions of Theorem \l.7\ are satisfied 
except possibly the assumption that Xo{Po, 12) > 0 . Assume further that either 
tb changes its sign in fl, or P is not a solution of the eguation Pnu = 0 m 12 . 
Then Ao(Po,^^) < 0. 

Theorem 11.71 and Corollary 11.81 imply in particnlar the snfiiciency parts 
of Theorem Ol and Theorem o and also Theorem II.hi for d = 1,2. Note 
that in contrast to the assnmptions of theorem 11.51 and II.hi we assnme in 
Theorem o neither that the fnnctions Vj are bonnded and smooth, nor that 
the matrix valned fnnctions Aj are smooth. 

The ontline of the paper is as follows. In Section |21 we present some 
resnlts from [1^] that will be nsed in the proof of Theorem 11.71 Section El 
is devoted to the proof of Theorem 11.71 and its conseqnences. We conclnde 
the paper in Section (H where we pose two open problems snggested by the 
resnlts of the present paper. 


2 Preliminary results 

Definition 2.1. We say that a seqnence {uk} C C'“(12) is a null sequence 
for the nonnegative qnadratic form y if there exists an open set i? d 12 
snch that {ukl"^ dx = 1 , and 

lim SLAy[uk] = 0 . ( 2 . 1 ) 

/c—>oo 

We say that a positive fnnction (p is a null state for the nonnegative qnadratic 
form if there exists a nnll seqnence {uk} for the form a^ y snch that 

Uk^ (pin 
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Remark 2.2. The requirement that Uk C can clearly be weak¬ 

ened by assuming only that {uk} C Hq{Q). Also, the requirement that 
J^\uk\‘^ dx = 1 can be replaced by Jg dx x 1, where fk x means that 
there exists a positive constant C such that C~^gk < fk ^ Cgk for all k eN. 

The following auxiliary lemma is well known (see, e.g. Biniiini). 

Lemma 2.3. Let G be a nonnegative subsolution of the equation 

Pfj = 0 in Q. Then for any nonnegative v G we have 

/ ('0)^AVu ■ Vu dx. (2.2) 

Jq 

Moreover, if ip is a (real valued) solution of the equation Pip = 0 in Ll, then 
for any v G C^{Q) we have 

^A,v[i>v\= / {ipyAVv-Vv dx. (2.3) 

Jn 

Proof. Follows from the definition of a weak (sub)solution and elementary 
calculation. □ 

The following theorem was recently proved by K. Tintarev and the author 
pH] (see also pUjb 

Theorem 2.4. Suppose that a^y > 0 on (7“(hi). Then a^y has a null 
sequence if and only if the corresponding operator P = —V ■ (AV) +V is 
critical in Q. In this case, any null sequence converges in to ap, 

where ip is a ground state of the operator P and c is a nonzero constant. 

Moreover, there exists a null sequence {uk} of nonnegative functions that 
converges to ip locally uniformly in Q\ {xq}, where Xq is some point in VL. 

3 Proof of Theorem 11.71 

In this section we prove Theorem 11.71 and some consequences. 

Proof of Theorem \n Since ip satisfy Poip < 0 in it follows that Poip+ < 0 
in n (see for example Lemma 2.7]). 

By Theorem 12.41 and our assumptions, there exists a null sequence {uk} 
for the quadratic form a^^ y of nonnegative functions which converges locally 
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uniformly in f2\ {xq} and in to the ground state ip of the operator Pi, 

and satishes J^{ukY dx = 1 for some open set P d \ {xq} and all k eN. 

Denote Wk := Uk/(p. Since Wk —> constant locally uniformly in D \ {xq} 
and -0+ 7 ^ 0, it follows that J^^{'ijj+Wky dx x 1 for some open set Pi d D 
and every k > fco- Moreover, by Lemma f2.dl and our assumptions, we have 

a.Ao,Vo[ip+Wk] < / {i^+yAoVwk-Vwkdx< 

Jn 


C / ip^AiVwk ■ Vwkdx = CaAiy^y^Wk] = CaA^yAuk] ^ 0. (3.1) 
Jn 

Therefore, {'ip^Wk} is a null sequence for Pq. By Theorem 12.4L Pq is critical 
in D and 'il)+ is its ground state. In particular, -0+ is strictly positive, and 
hence = 0, and 'ip = is the ground state of Pq. □ 

Remark 3.1. Suppose that all the assumptions of Theorem II .71 are satished 
except possibly the assumption that Ao(Po,D) > 0. One can show directly 
that Ao(Po, D) < 0. Indeed, using the notations of the proof of Theorem 11.71 
we have that for some Oi > 0 

I dx > Cl / dx = Cl Vfc > fco- 

Jn Jb 

Moreover, by Lemma 12.31 and our assumptions, we have 


AA^yM+Uk] ^ j^{P^+?AoVwk ■ Vwk dx 
/^(V’+tafc)Mx “ J^{'ip+Wky dx 


^ ip^AiVwk ■ Vwk dx 

/^(uk^dx 


CaA^y^ [(fWk] = CaA,y [uk] 0. (3.2) 


Therefore, the Rayleigh-Ritz variational formula implies that Ao(Po,D) < 0. 
It follows that 


Ao(Po, D) < inf{A G M | 3-0 ^ 0, (Pq — A)'0 < 0 in D s.t. 

iP^{x)Aq{x) < 0<p^(x)y4i(x) in Vt for some 
critical operator Pi with a ground state p>}. 

In particular, if P = —V ■ (^V) + R is an elliptic operator on M'^, d < 2, 
with a bounded matrix A, then Ao(P, M'^) < Aq(P, M"^) (cf. Theorem II.b|l . 





Recall that if P := —V • (AV) + R is Z^-periodic on then P — Xq 
admits a (unique) periodic positive solution (see for example jlHlIH])- On 
the other hand, —A is critical in if and only if d < 2 (see Example 1121 ). 
Therefore, Theorem II . 71 implies the following result of R. Pinsky (who proved 
it for general second-order elliptic Z'^-periodic operators). 

Corollary 3.2 f |j22j T Assume that the coefficients of the elliptic operator 
P := —V • (AV) -|- V are -periodic on Then the operator P — Xq is 
critical in if and only if d <2. 

Remark 3.3. Suppose that Pj are two nonnegative symmetric operators 
which are dehned on a noncompact Riemannian manifold M of dimension 
d, where j = 0,1. Since Lemma 12.31 holds true also in this case (see ini). 
it follows that Theorem 1231 is valid on Riemannian manifolds, which in turn 
implies that Theorem 11.71 holds true also in this case. 

Recall that a Riemannian manifold M is called recurrent if the Laplace- 
Beltrami operator on M is critical (see | 23 ). Therefore, we have in particular, 
the following generalization of Theorem 11.41 and Theorem IT31 

Theorem 3.4. Let M he a recurrent Riemannian noncompact manifold of 
dimension d. LetV G Suppose that Hy ■= —A-l-R > 0 onC^{M), 

and that the equation Hyu = 0 in M admits a nonzero hounded suhsolution 
such that -0+ 7 ^ 0. Then Hy is critical in M and is a ground state of 
Hy in M. In particular, Ao(idv) = 0, the space of all hounded solutions of 
the equation Hyu = 0 in M is one-dimensional, and dimCj:/,^(M) = 1 . 

In addition, one can use the results in os and jHl Theorem 5.2.11] to 
extend Corollary 13.21 to the case of equivariant Schrodinger operators on 
cocompact nilpotent coverings. 

Corollary 3.5. Let M he a noncompact nilpotent covering of a compact 
Riemannian manifold of dimension d. Suppose that P := —A + V is an 
equivariant operator on M with respect to the (nilpotent) deck group G. Then 
P — Xq is critical in M if and only if G has a normal subgroup of finite index 
isomorphic to TP for n <2. 

Theorem 1 1. 71 can be considered as a sufficient condition for the removabil¬ 
ity of singularity at inhnity in hi or as a Phragmen-Lindelof type principle. 
A positive solution of in n \ iP, where iP d hi, is called singular at in¬ 
finity if it does not have minimal growth in a neighborhood of inhnity in 
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Accordingly, Theorem 11.71 implies that the behavior of a positive solution of 
minimal growth in a neighborhood of infinity in of an equation of the form 
(USD, dictates some ‘growth’ on all positive singular at inhnity solutions of 
any equation of the form (EHD. More precisely, we have the following result. 

Corollary 3.6. Suppose that for j = 0,1 the operators Pj are of the form 
(USD, and Aj satisfy (HD). Let ui be a positive solution of the equation 
Piu = 0 of minimal growth in a neighborhood of infinity in hi, and let uq 
be a positive solution of the equation Pqu = 0 in fl \ K, where K Q. If 
{uqYAq < C{uifiAi infl\K, then uq is nonsingular at infinity, i.e., Uq is a 
positive solution of the equation Pqu = 0 of minimal growth in a neighborhood 
of infinity in ff. 

Proof of Corolla, ru V-j. (A Let Uq,Ui G be positive functions which are 

defined in such that = Uj, and are sufficiently smooth, where 

Ki d ff, and j = 0,1. ^ 

Then for j = 0,1, Mj- G where the operators Pj are of the form 

(USD and satisfy Pj\Q\K 2 = Pj for some K 2 ^ ff. Since ui (and hence also 
Ui) is a positive solution of the equation Piu = 0 of minimal growth in a 
neighborhood of^finity in hi, it follows that ui is a ground state of the 
critical operator Pi in fl. Therefore, Theorem 11 .7l implies that Uq is a ground 
state of the critical operator Pq in ff. Hence, uq is a positive solution of the 
equation PqU = 0 of minimal growth in a neighborhood of infinity in H. □ 

Example 3.7. Let d > 2, and V G where p > d/2. Suppose that 

Hv := —A + 1/ > 0 on and the equation Hyu = 0 on has a 

subsolution solution satisfying 


= 0{\x\ 2 ) as |a;| —*• 00 . 

Since (p{x) := \x\~ is a positive solution of the Hardy-type equation 


(3.3) 



of minimal growth in a neighborhood of infinity in it follows from Corol¬ 
lary EiSl that Hy is critical in and is its ground state (cf. Theorem 1.7 
in 0). 
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Example 3.8. Let d = and V G where p > 1. Suppose that 

Hy := —d^/dx^ + E > 0 on C“(M), and the equation Hyu = 0 on M has a 
subsolution solution ■0^0 satisfying 

V’+(a^) = 0(log|a;|) as |a;| —*• cxo. (3.4) 

It follows from [T^ Example 4.6] and Corollary 13.61 that Hy is critical in M 
and V’ is its ground state. 

4 Open problems 

We conclude the paper with two open problems suggested by the above re¬ 
sults which are left for future investigation. 

Problem 5. Generalize Theorem O to the class of nonsymmetric second- 
order linear elliptic operators with real coefficients which have the same (or 
even comparable) principal parts, or at least to the subclass of operators which 
differ only by their zero-order terms. 

Remarks 4.1. 1. Clearly, the condition (HH) which involves the squares 
of the corresponding solutions of the symmetric operators Pj, for j = 0,1, 
should be replaced in the nonsymmetric case by a condition which involves 
products of the form UjU*, where Uj (resp. u*) are the corresponding solutions 
of the operators Pj (resp. of the formal adjoint operators Pf) for j = 0,1. 

2. Let M be a positive solution of an equation of the form (Q of minimal 
growth in a neighborhood of inhnity in 12, then Corollary 13.61 implies that any 
positive solution v of another equation of the form (II.3j) (with a comparable 
principal part) in a neighborhood of inhnity in 12 which is singular at inhnity 
satishes 


l.mmfh^)=o 

X^OO v[x) 

in the one-point compactihcation of 12 (cx) denotes the point at inhnity in 
12). 

Ancona proved |2] that a subcritical symmetric (or even quasi-symmetric) 
operator P in 12 always admits v G Cp(12), such that 


lim 

X^OQ 


G^{x,Xq) 

v(x) 


0 . 
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Moreover, it is shown in [ 2 ] that such a positive solution does not always exist 
for general nonsymmetric operators. This result indicates that the answer to 
Problem El in the nonsymmetric case might be more involved. 

The second problem that we pose deals with Liouville-type theorems for 
the p-Laplacian with a potential term. Let be a domain in d > 2, 
and 1 < p < oo. Fix V G Recently the criticality theory for linear 

equations was extended in [20] to quasilinear equations of the form 

-V ■{\Vu\P-^Vu) + V\u\P-\ = 0 inQ. (4.1) 

In particular, Theorem 12.41 was proved also for such equations. Therefore, it 
is natural to pose the following problem. 

Problem 6. Assume that 1 < p < d. Generalize Theorem o to positive 
solutions of quasilinear equations of the form iH). 

Acknowledgments 

The author wishes to thank H. Brezis, F. Gesztesy, and M. Marcus for valu¬ 
able discussions. This work was partially supported by the RTN network 
“Nonlinear Partial Differential Equations Describing Front Propagation and 
Other Singular Phenomena”, IlPRN-CT-2002-00274, the Israel Science Foun¬ 
dation founded by the Israeli Academy of Sciences and Humanities, and the 
Fund for the Promotion of Research at the Technion. 


References 

[1] S. Agmon, On positivity and decay of solutions of second order elliptic equa¬ 
tions on Riemannian manifolds, in “Methods of Functional Analysis and The¬ 
ory of Elliptic Equations” (Naples, 1982), pp. 19-52, Liguori, Naples, 1983. 

[2] A. Ancona, Some results and examples about the behavior of harmonic func¬ 
tions and Green’s functions with respect to second order elliptic operators, 
Nagoya Math. J. 165 (2002), 123-158. 

[3] M. T. Barlow, On the Liouville property for divergence form operators, 
Canad. J. Math. 50 (1998), 487-496. 

[4] M. T. Barlow, R. E. Bass, and C. Gui, The Liouville property and a conjec¬ 
ture of De Giorgi, Comm. Pure Appl. Math. 53 (2000), 1007-1038. 


12 


[5] H. Berestycki, L. Caffarelli, and L. Nirenberg, Further qualitative properties 
for elliptic equations in unbounded domains, Ann. Scuola Norm. Sup. Pisa 
Cl. Sci. (4) 25 (1997), 69-94. 

[6] H. Berestycki, F. Hamel, and L. Roques, Analysis of the periodically frag¬ 
mented environment model; I - Influence of periodic heterogeneous environ¬ 
ment on species persistence, J. Math. Biology 51 (2005), 75-113. 

[7] H. Berestycki, and L. Rossi, On the principal eigenvalue of elliptic operators 
in and applications, preprint. 

[8] E. B. Davies, “Heat Kernels and Spectral Theory”, Cambridge Tracts in 
Mathematics, 92, Cambridge University Press, Cambridge, 1989. 

[9] E. B. Davies, and B. Simon, Ultracontractivity and the heat kernel for 
Schrdinger operators and Dirichlet Laplacians, J. Fund. Anal. 59 (1984), 
335-395. 

[10] D. Damanik, R. Killip, and B. Simon, Schrodinger operators with few bound 
states, Comm. Math. Phys. 258 (2005), 741-750. 

[11] E. De Giorgi, Convergence problems for functionals and operators, in “Pro¬ 
ceedings of the International Meeting on Recent Methods in Nonlinear Anal¬ 
ysis” (Rome, 1978), pp. 131-188, Pitagora Ed., Bologna, 1979. 

[12] E. Gesztesy, and Z. Zhao, On critical and subcritical Sturm-Liouville opera¬ 
tors, J. Fund. Anal. 98 (1991), 311-345. 

[13] E. Gesztesy, and Z. Zhao, On positive solutions of critical Schrodinger oper¬ 
ators in two dimensions, J. Fund. Anal. 127 (1995), 235-256. 

[14] N. Ghoussoub, and C. Gui, On a conjecture of De Giorgi and some related 
problems. Math. Ann. 311 (1998), 481-491. 

[15] V. Lin and Y. Pinchover, “Manifolds with Group Actions and Elliptic Oper¬ 
ators”, Memoirs AMS, no. 540, 1994. 

[16] M. Murata, Positive solutions and large time behaviors of Schrodinger semi¬ 
groups, Simon’s problem, J. Fund. Anal. 56 (1984), 300-310. 

[17] M. Murata, Martin boundaries of elliptic skew products, semismall pertur¬ 
bations, and foundamental solutions of parabolic equations, J. Fund. Anal. 
194 (2002), 53-141. 


13 



[18] Y. Pinchover, Topics in the theory of positive solutions of second-order elliptic 
and parabolic partial differential equations, in “Spectral Theory and Math¬ 
ematical Physics: A Festschrift in Honor of Barry Simon’s 60th Birthday”, 
Proceedings of Symposia in Pure Mathematics, American Mathematical So¬ 
ciety, Providence, RI, to appear. 

[19] Y. Pinchover, and K. Tintarev, Ground state alternative for singular 
Schrodinger operators, to appear in J. Functional Analysis. 

[20] Y. Pinchover, and K. Tintarev, Ground state alternative for p-Laplacian with 
potential term, http://arxiv.org/PS_cache/math/pdf/0511/0511039.pdf, 

[21] R. G. Pinsky, “Positive Harmonic Functions and Diffusion”, Cambridge Stud¬ 
ies in Advanced Mathematics, 45, Cambridge University Press, Cambridge, 
1995. 

[22] R. G. Pinsky, Second order elliptic operators with periodic coefficients: criti¬ 
cality theory, perturbations, and positive harmonic functions, J. Fund. Anal. 
129 (1995), 80-107. 

[23] B. Simon, Large time behavior of the IF norm of Schrodinger semigroups. J. 
Fund. Anal. 40 (1981), 66-83. 

[24] B. Simon, Schrodinger semigroups. Bull. Amer. Math. Soc. (N.S.) 7 (1982), 
447-526. 


14 



